On chemical distances and shape theorems in percolation models with 

long-range correlations 

Alexander Drewitz * Balazs Rath < Artem Sapozhnikov * 

December 13, 2012 

o 

(N 

. Abstract 

.2^ ' In this paper we provide general conditions on a one parameter family of random infinite subsets of 

r- , Z d to contain a unique infinite connected component for which the chemical distances are comparable 

to the Euclidean distances, focusing primarily on models with long-range correlations. Our results are 
in the spirit of [2] proved for Bernoulli percolation. We also prove a shape theorem for balls in the 
chemical distance under such conditions. Our general statements give novel results about the structure 
of the infinite connected component of the vacant set of random interlacements and the level sets of 
the Gaussian free field. We also obtain alternative proofs to the main results in [8]. Finally, as a 
corollary, we obtain new results about the (chemical) diameter of the largest connected component in 
^3 ' the complement of the trace of the random walk on the torus. 



Percolation was introduced in [7] as a mathematical model of a porous medium, where the physical 
I/") ■ space is modeled by the lattice and the pure substance is described as a random subset S of Z d . 
. A central question is to understand physical properties of S, and how universal these properties are for 
\ various distributions of S. Mathematically speaking, what can be said about the connectivity properties 
■ and the geometry of the subgraph of Z d spanned by 5? In this paper we consider the situation when the 
7— I ■ set S has a unique infinite connected component Soo which covers a positive fraction of Z d . We define the 
^1 \ chemical distance of x, y € to be the length of the shortest nearest neighbor path connecting x and y 
• • ' in iSqo, and we want to understand when the long-scale behavior of the resulting random metric space is 
. ^ ■ similar to that of the underlying space 7h d . 

^ \ In the case of supercritical Bernoulli percolation (when every vertex of Z d is in S with probability 
| P > Pc independently of each other), [21 Theorem 1.1] asserts the existence of a constant C = C(d,p) such 
that the probability that the chemical distance of x, y £ 5oo is greater than C\x — y \ decays exponentially 
as \x — y\ — > oo. Using this control on chemical distances as well as Kingman's subadditive ergodic 
theorem one can deduce a shape theorem which states that the chemical ball of radius R, rescaled by R, 
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almost surely converges with respect to the Hausdorff distance to a deterministic compact convex set of 
R d as R -» oo (see, e.g., [HI Corollary 5.4]). 

In this paper we extend the result of [2] to a general class of random subsets S, focusing primarily on 
models with long-range correlations. We provide sufficient conditions on the distribution of S to satisfy 
analogues to results of [2]. These conditions are general enough to be satisfied by many models, including 
random interlacements, the vacant set of random interlacements, and the level sets of the Gaussian free 
field (see Sections 12.21 12. 3\ and 12. A\ respectively) . For the last two models our general statements give 
novel results. Analogous questions about random interlacements were answered in [5J, and our method 
provides an alternative, model independent approach to the results of [8j. Finally, using a connection 
between random interlacements and random walk on the discrete torus, we obtain new results about the 
(chemical) diameter of the largest connected component in the complement of the random walk trace (see 
Section 12. 5p . 

1 Model and results 

We consider a one parameter family of probability measures P", u G (a, b) C R + , on the measurable 
space ({0, l} zd , J 7 ), d > 2, where the sigma-algebra T is generated by the canonical coordinate maps 
y x : {0, l} zd -»> {0, 1}, xeZ d (i.e., tf x (0 = for f G {0, l} zd and xeZ d ). 
For any £ G {0, l} d , we define 

S = «S(f ) = {x£Z d : £ x = 1} C Z d . 

We view S as a subgraph of Z d in which the edges are drawn between any two vertices of S within 
^-distance 1 from each other. (For x = (x^\ . . . , a;W) € the £ 1 -norm of x is defined in the usual 
way by \x\\ = Yli=i \ x ^\-) We denote by the subset of vertices of S which are in infinite connected 
components of S. 

In this paper we will focus on connectivity properties of Soo. We will prove that under certain 
conditions (see PI - P3 and SI - S2) on the family of probability measures P u , u € (a, b), the graph Soo 
is connected and "looks like" the underlying lattice Z d . Roughly speaking, we show that on large scales 
the graph distance in Sqq behaves like a metric induced by a norm on M. . 

We will now define conditions on the family P u , u € (a, b). After that we will state the main results 
of the paper. Particular examples of probability measures satisfying the conditions (and results) below 
will be given in Section [2j 

The numbers < a < b as well as the dimension d > 2 are going to be fixed throughout the paper, 
and we omit the dependence of various constants on a, b, and d. 

PI For any u G (a, b), P" is invariant and ergodic with respect to the lattice shifts. 

To state the next two conditions we need the following definition. 

An event G G J- is called increasing (respectively, decreasing), if 
for all i 6 G and £' G {0, 1} Z " with £ y < £' y (respectively, £„ > Q for all y G Z d , one has £' G G. 

P2 For any u, v! G (a, 6) with u < v! , and any increasing event G G J 7 , P U [G] < P u [G]. (Usually, this 
condition is referred to as stochastic monotonicity of P u .) 

Conditions PI and P2 are rather general and are satisfied by many families of probability measures. The 
condition P3 below is more restrictive than the above two. It states that P M , u G (a, b), satisfy a certain 
weak decorrelation inequality. For x G ^L d and r G R+, we denote by 

B(x,r) = {y GZ d : \x - yl^ < [rj} 
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the closed /°°-ball in Z, d with radius \r\ and center x. (For x = {x^\ . . . , x^) G M d , the ^°°-norm of x is 
defined by |x| = |a;|oo = max{|a;W|, . . . \x^ |}.) We write B(r) for B(0, r). 

P3 Let L > 1 be an integer. Let x\,x 2 G For i G {1,2}, let ^ € cr(^ J/ : y G B(xj,10L)) be 
decreasing events, and Bi G cr{^ y '■ y G B(xj,10L)) increasing events. There exist R P ,L P < oo 
and e P , Xp > such that for any integer R > R P and a < u < u < b satisfying 



> (1 + R~ XP ) -u, (1.1) 



if Ixi — X2I00 > R ■ L, then 



and 



m [A 1 nA 2 ] <F^[A 1 ]-¥ u [A 2 ] + e- fp ^ L \ (1.2 



P C [Si n B 2 ] < • P" [B 2 ] + e~ fp{L \ (1.3) 

where / P is a real valued function satisfying 

/ P (L) > e ( logi ) Ep for all L > L P . (1.4) 

Remark 1.1. At first sight it may look like condition P3 is rather strong and asserts that the 
correlations should decay much faster than any polynomial (e.f p ( L > » L k for any k). However, the fact 
that we deal with different parameters u and u (and a very restricted class of events) allows for measures 
with polynomial decay of correlations to satisfy P3. Examples of such families of measures for d > 3 are 
random interlacements and the level sets of the Gaussian free field, for which 

\F U [* x = 1, tf„ = 1] - F U [V X = l]F u [^ y = 1]| x (1 + \x - y\f- d , x,ye 7L d . 

We will discuss these examples in more details in Sections 12.21 - 12.41 In the literature, the idea behind 
the inequalities of the form (|l,2p and (|1.3p is often referred to as "sprinkling". 

While PI - P3 are general conditions on the family P M , u G (a, b), the next condition SI pertains to the 
connectivity properties of S. It can be understood as a certain local uniqueness property for macroscopic 
connected components in S. Roughly speaking, this condition implies that with high probability, large 
enough boxes intersect exactly one connected component of S with large diameter. 

For r G [0, 00], we denote by S r , the set of vertices of <S , . 

which are in connected components of S of (£ 1 -)diameter > r. 

In particular, in the case r = 00 we recover the set Soo of vertices of S contained in infinite connected 
components of S. 



SI There exists a function / s : (a, b) x Z + — > R such that 

for each u G (a, b), there exist A s = A s (u) > and R s = R s (u) < 00 
such that f s (u,R) > (logi?) 1+As for all R > R s , 

and for all u G (a, b) and R > 1, the following inequalities are satisfied: 

P M [S R n B(R) + 0] > 1 - e - fs( - u ' R \ 

and 



(1.6) 



P] { x is connected to y in S PI B(2i?) } 

x,y&S R/w nB{R) 



> 1 - e 
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It is not difficult to see that if the family P", u G (a, b), satisfies SI, then for any u G (a, b), 

P"-a.s., the set 5oo is non-empty and connected, (1-7) 

and there exist Cj = Ci(u) > and Cx = Ci(u) < oo such that for all R > 1, 

P u [5oonB(i?) ^ 0] > 1-Cie- Cl/S ^' K ). (1.8) 

Moreover, using a standard covering argument, if the family F", u G (a, 6), is invariant under the lattice 
shifts and satisfies SI, then for any u G (a, 6) and e > 0, there exist c 2 = c 2 (u, e) > and C2 = 62(1*, e) < 
00 such that for all R > 1, 



P| { a; is connected to y in S n B((l + e)i?) } 

^,y65 £H nB(_R) 



> l-C 2 e- C2/s(M ' H) . 



(1.9) 



We omit the proof of (|1.9p and refer the reader to the derivation of Proposition 1 from Lemma 13 in 
21\ , where essentially the same statement is proved. 



Our final condition S2 on the measures P u , u G (a, b), concerns the density of «Soo, 

7]( U ) = P U [0 G Soo] . 



(1.10) 



S2 The function rj(-) is positive and continuous on (a,b). 

In fact, the positivity of rj(-) already follows from (|1.7p . if we assume that ¥ u , u G (a,b), are invariant 
with respect to lattice shifts and satisfy SI. Note that if we assume P2, then 

rj(-) is non-decreasing on (a, 6). 

Remark 1.2. Condition S2 is the price that we pay for asking for decorrelation inequalities only in 
the weak form of P3 (see the proofs of Lemmas 14.21 and 14. 4p . If the inequalities (|1.2p and (jl.3p in P3 
were true for u = u, then we would not need the assumption S2. However, as we discuss in Remark 11.11 
there are many percolation models with long-range correlations for which (jl.2p and (jl.3p fail to hold with 
u = u, but conditions P3 and S2 are still valid. 

The main result of our paper is the following theorem. For x,y G S, let p s {x,y) G Z + U {00} denote 
the chemical distance (also known as the internal or graph distance) in S between x and y, i.e., 

, s . „ f ^ _ there exist xn, . . . , x n G S such that xn = x, x n = y, 
Ps(x, y) = mr < n > : , . , 1 , ... 

[ and \Xk — Xk—i\i = 1 tor all k = 1, . . . , n 

Here we use the usual convention inf = 00, i.e., we set Ps{x, y) = 00 if x and y are in different connected 
components of S. 

Theorem 1.3 (Chemical distance). Assume that the family of probability measures ¥ u , u G (a,b), on 
({0, l} zd , J 7 ), d > 2, satisfies the conditions PI - P3 and SI - S2. For any u G (a,b), there exist 
c = c(u) > and C = C{u) < 00 such that for all R > 1, 

F u [for allx,y £S R nB(R), p s (x,y) <CR]> 1 - C e - c(log/?)1+As , (1.11) 
where A s comes from condition SI (see (|1.6p ). 
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Remark 1.4. If a probability measure ¥ u is invariant under the lattice shifts and satisfies SI, then a 
weak form of (jl.lip holds. Namely, for any e > 0, there exist c = c(u,e) > and C = C(u,e) < oo such 
that for all R > 1, 

P" [ for all x,yeS R n B{R), p s (x, y) < CR 1+£ ] > 1 - C7 e -^(i°s«) 1+As . 

However, in order to prove (jl.lip . we need to quantify correlations in some way. In this paper we achieve 
this by assuming P3. 

Using standard methods, we can deduce from Theorem 11.31 a shape theorem for /9 5 -balls of Soo. For 
x G S and r > 0, we denote by B 5 (x, r) the ball in S with center x and radius [rj j i-e., 

B s (x,r) = {y £ S : p s {x,y)<r}. 

The shape theorem states that large balls in tSoo with respect to the metric p$ after rescaling have an 
asymptotic deterministic shape. 

Theorem 1.5 (Shape theorem). Assume that the family of probability measures ¥ u , u £ (a, b), satisfies 
PI - P3 and SI - S2. Then for any u S (a, b) there exists a convex compact set D u = D u (¥ u ) C M. d such 
that for each e € (0, 1), there exists a ¥ u \ ■ | S Soo] -almost surely finite random variable R e , u satisfying 

VR>R £ ,u : S OD n(l-e)R-D u CB 5 (0,i?) C ^n(l + e)R-D u . 

Remark 1.6. (i) The set D u preserves symmetries of ¥ u . In particular, if P" is invariant with respect 
to the isometries of M. d which preserve and then so is D u . 

(ii) Since P", u € (a, 6), satisfy P2, it follows that for any u,u' G (a, b) with u < u', D u C D u >. 

We prove Theorem 11.51 in Section [8] using Theorem 11.31 and Kingman's subadditive ergodic theorem 
|14| in a standard fashion. 

Let us now describe the strategy for the proof of Theorem 11.31 We will set up a general multi-scale 
renormalization scheme, which involves the recursive definition of unfavorable regions on higher and higher 
scales. Our aim is to iteratively construct short nearest neighbor paths in S: given a short path tt (not 
necessarily in S) which avoids the unfavorable regions on a given scale, we modify this path in a way that 
the resulting path ir' (still not necessarily in S) avoids the unfavorable regions on the previous scale as 
well. We choose our scales to grow faster than geometrically in order to achieve an upper bound on the 
length of the iteratively constructed path which is uniform in the number of iterations. Our definition 
of the favorable region on the bottom scale implies (due to SI) that such region contains a unique 
macroscopic connected component which is locally connected to the macroscopic connected components 
of all the neighboring favorable regions. By "glueing" such connected components together, we are able 
to locally modify short paths (not necessarily in S) that avoid unfavorable regions on the bottom scale 
to obtain short nearest neighbor paths in S. The weak decorrelation inequalities of P3 allow us to set 
up a renormalization scheme in which unfavorable regions on higher scales become very unlikely. This is 
a tricky part, since we should be satisfied only with monotone events and cope with different parameters 
(u and u) in the decorrelation inequalities. All in all, favorable regions on high scales are likely and allow 
for short paths in S. We use this conclusion to define an event T~i such that (a) % implies the event on 
the left-hand side of (fLlTp and (b) ¥ U [H] is at least 1 - c e - c ( log ^ 1+As . 
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Open problems. It is natural to ask whether the conditions PI - P3 and SI - S2 are sufficient for 
obtaining finer results about the structure of Soo. More specifically, we ask whether the conditions PI- 
PS and SI - S2 imply quenched Gaussian bounds on the transition kernel of a simple random walk on 
Soo and a quenched invariance principle for the walk. 

In the case of Bernoulli percolation, the corresponding Gaussian bounds were proved in [3] (see also 
|16| for a partial result) using extensively techniques and results of [2], and the quenched invariance 
principle was subsequently proved in [24J for d > 4 and in [SJ |T7] for all d > 2 using the results of 
|3j. Apart from Bernoulli percolation, the above questions are still open even for the specific examples 
treated in Sections I2.2H2.41 We should mention here though that a slightly subdiffusive upper bound on 
the on-diagonal terms of the transition kernel of a simple random walk on random interlacements (see 
Section T2.2|) has been recently obtained in Theorem 2.3]. 

We hope that the multi-scale renormalization scheme developed in this paper will find applications 
in the proof of the above questions not only for specific examples of models, but in the full generality of 
assumptions PI - P3 and SI - S2. 

The rest of the paper is organized as follows. 

In Section [5] we give applications of our main results by demonstrating particular models in which 
the conditions PI - P3 and SI - S2 are satisfied. Our main focus is on the models for which only 
weak decorrelation inequalities of the form (|1.2|) and (|1,3|) are available. In particular, in Section 12.21 
we show that our results give an alternative approach to the results of [8 J for random interlacements, in 
Section [2.31 we show that our results hold for the vacant set of random interlacements in a (sub)phase of 
the supercritical parameters, and in Section 12.41 we show that the level sets of the Gaussian free field fit 
into our setup for a (sub)phase of the supercritical parameters. The results of Sections 12.31 and 12.41 are 
new. Finally, in Section 12.51 we apply results of Section 12.31 to obtain new results about the (chemical) 
diameter of the giant connected component in the complement of the random walk trace on the torus. 

In Section [3] we define the multi-scale renormalization scheme in an abstract setting. We define the 
notion of unfavorable regions and state conditions under which the higher scale unfavorable regions are 
unlikely. 

In SectionU]we define the connectivity patterns of favorable regions on the bottom scale of our scheme, 
bringing into play two families of events of high probability, one increasing and one decreasing. 

In Section [5] we use the events from Section 2] and the notion of favor able/unfavor able regions from 
Section [3] to define good and bad regions on all scales. We then describe explicitly how to modify a path 
through a good region on one scale to obtain a path through a good region on a lower scale without 
increasing its length by too much. This gives us one iteration in the construction of short paths in S. 

In Section [6] we prove Theorem 11.31 

In Section [7] we prove the main result of Section [3] (see Theorem 13. ip verifying the conditions under 
which high scale regions are favorable with very high probability. We use the weak decorrelation inequal- 
ities to prove that a good upper bound on the probability of unfavorable events on a certain scale results 
in an even better bound on the next scale. 

In Section [8] we prove Theorem 11.51 using Theorem 11.31 and Kingman's subadditive ergodic theorem 
|14j in a standard fashion. 

Throughout the paper, ej, 1 < % < d, denote the canonical basis in M. d . Constants are denoted by c 
and C. Their values may change from place to place. We omit the dependence of constants on a, b, and 
d, but reflect the dependence on other parameters in the notation. 



6 



2 Applications 



In this section we give a number of examples for which our conditions and results hold. In particular, we 
show that Theorems 11.31 and 11.51 hold for 

(a) the random interlacements at any level u > (see Section |2T2"|) . giving alternative, model independent 
proofs to some of the results in [8], 

(b) the vacant set of random interlacements at level u in the (non-empty) regime of so-called "local 
uniqueness" , which is believed to coincide with the whole supercritical phase (see Section 12. 3p , 

(c) the level sets of the Gaussian free field, also in the (non-empty) regime of local uniqueness (see 
Section |23J). 

The results in Sections 12.31 and 12.41 are new. Let us also point out that the above models (a), (b) and (c) 
give rise to random subsets of 7L d with polynomial decay of correlations, but still they satisfy the strong 
concentration bound (jl.lip . 

In Section 12.51 we apply the results of Section 12.31 to study the (chemical) diameter of the largest 
connected component in the complement of the trace of random walk on a discrete torus. 

2.1 Bernoulli percolation 

Bernoulli site percolation with parameter u £ (p c , 1) on Z d , d > 2, satisfies all the conditions PI - 
P3 and SI - S2 (see, e.g., [32])- In this case P" is just the product measure on ({0,l} I,d , T) with 
F u [^ x = 1] = 1 - F u [^ x = 0] = u. 

The analogue of Theorem [L3] for the chemical distance on the infinite cluster of Bernoulli percolation in 
the whole supercritical phase was proved in [21 Theorem 1.1], where the authors obtained an exponentially 
decaying upper bound. 

2.2 Random interlacements 

Random interlacements X u at level u > on % d , d > 3, is a random subset of Z, d , which arises as the local 
limit as iV — >■ oo of the set of sites visited by a simple random walk on the discrete torus (Z/NZ) d , d > 3, 
when it runs up to time [uN d \ , see [261 EI] ■ The distribution of Z u is determined by the equations 

F[l u n K = 0] = e - n ca P(^), for any finite K C 7L d , (2.1) 

where cap(iT) denotes the discrete capacity of K. For any u > 0, X u is an infinite almost surely connected 
random subset of Z d (see |26[ (2.21)]) with polynomially decaying correlations 

\F[x,y £l u ] -F[x eT] -F[y €X"]| x (1 + \x - y\) 2 ~ d , x,yeZ d (2.2) 

(see |26[ (1.68)]). Geometric properties of random interlacements have been extensively studied in the 
last few years (see [H [151 EB1 [13 [201 ETj E2])- In particular, the fact that the conclusions of Theorems 
11.31 and 11.51 hold for the random interlacements X" at level u > has been recently established in [SJ 
Theorems 1.3 and 1.1]. The key idea in the proofs of [8] is a certain refinement of the strategy developed 
in [2U], which crucially relies on the underlying random walk structure of random interlacements (see [26 , 
(1.53)]). The goal of this section is to observe (based on earlier results about random interlacements) 
that the distributions of random interlacements at level u satisfy conditions PI - P3 and SI - S2. As a 
result, we obtain an alternative, model independent approach to the results of [8]. 



7 



Theorem 2.1. For any a > 0, the distributions of X u , u £ (a, oo), satisfy conditions PI - P3 and SI 
- S2. In particular, the results of Theorems \1.3\ and \1.5\ hold for P" being the distribution of I u for any 
u>0. 

Remark 2.2. Theorem 11.31 applied to the distribution of X u gives a weaker result than [HJ Theorem 
1.3], since the bound on the right-hand side of (|1.11|) is not as good as the stretched exponential bound 
in [HI Theorem 1.3]. Nevertheless, this weaker bound is still sufficient for us to deduce Theorem 11.51 thus 
giving an alternative proof of [8, Theorem 1.1]. 

Proof of Theorem \2.1[ The distributions of I u , u > 0, satisfy condition PI by |26t (2.3)], and condition 
P2 by [261 (1-53)]. 

The fact that the distributions of Z u , u £ (a, oo), satisfy condition P3 for any given a > follows 
from the decoupling inequalities E27J Theorem 2.1] applied to the graph E = Z, d ~ l x Z (see also [271 
Remark 2.7(1)]). We take Xp = 1/4 in (|1.1[) . Our choice of parameters in |27[ Theorem 2.1] is the 
following: 

K = l, n = 0, L = L, £ = [\ Xl - x 2 \/L\, v = d - 2 (a = d - 1, j3 = 2), v' = u/4. 

We also use the notation u instead of u' here. Note that with the above choice of parameters we have v > 1 
and £o > R (since d > 3 and \x\— x%\ > R-L). In [27J Theorem 2.1], the inequality Iq > c(K, z/) is required, 
so we need to choose R P > c(l, ^jp). With the above choice of parameters, u and u satisfy condition 
(2.7) of [271 Theorem 2.1] for all R > R P (for some suitably big R P ), so CL2} and CU| immediately follow 
from [271 (2-8) and (2.9)] with the function f P (L) = 2aL - In 2. 

By [26, (2.21)], for any u > 0, I u is an almost surely connected infinite subset of Z, d , in particular 
we have X" = X u (see (|1.5j) ) for any r G [0,oo]. The distributions of I u , u > 0, satisfy SI by |21[ 
Proposition 1], and S2 by (|2.ip (since P[0 € X u \ = 1 — e - uca -p({°}) [ s a positive and continuous function of 
u £ (0,oo)). 

We have checked that the distributions of I u satisfy PI - P2 and SI - S2 for all u > 0, and P3 for 
u > a > (and any given a > 0). The proof of Theorem 12.11 is complete. □ 

2.3 Vacant set of random interlacements 

The vacant set of random interlacements V u at level u in dimension d > 3 is defined as the complement 
of random interlacements I u at level u: 

V u = Z d \l u , u>0. (2.3) 

In particular, it follows from (|2.1|) that the distribution of V u is determined by the equations 

P[V U D K] = e -« ca PW ; for any finite K C Z d , 

and it follows from (|2.2p that the correlations in V u decay polynomially. 

In the same way as random interlacements, the vacant set at level u > arises as the local limit as 
N — > oo of the set of sites not visited by a simple random walk (we call it the vacant set, too) on the 
discrete torus (Z,/NZ,) d , d > 3, when it runs up to time LwA^ '] . In fact, the connection between the vacant 
sets of random interlacements and a simple random walk on (Z/iVZ) rf is in terms of a strong coupling of 
[30} Theorem 1.1]. This coupling provided a powerful tool to study the fragmentation of (Z/iVZ) d by a 
simple random walk using existing results about the geometry of V u . In particular, it was shown in [3D] 
that the fragmentation question is intimately related to the existence of a non-trivial phase transition in 
u for V u : there exists n* £ (0, oo) such that 
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(i) for any u > u*, almost surely, all connected components of V u are finite, and 

(ii) for any u < u#, almost surely, V" contains an infinite connected component. 

The fact that u* < oo was proved in [26], and the positivity of u* was established in [26] when d > 7, and 
later in [25] for all (i > 3. It is also known (see |28| ) that if there exists an infinite connected component 
in V u , then it is almost surely unique. 

In this section we focus on the supercritical phase of V u (regime (ii) above). More specifically, we 
would like to derive conclusions of Theorems II .31 and II .5l for the vacant set V". While it would be desirable 
to obtain results for all u < u*, our understanding of the supercritical phase is not good enough to do 
that. In Theorem 12.31 we prove that there exists II £ (0, it*] such that the conclusions of Theorems 11.31 
and 11.51 hold for V" with u £ (0, u). We believe that u = u* (see Remark I2.4p . Even in the present form, 
the result of Theorem 12.31 below is new for any choice of dimension d > 3 and the level u > 0. 

Theorem 2.3. There exists u £ (0, u*] such that for any 1/u < b < oo, the distributions ¥ v of V l l v , 
v £ (1/u, b), satisfy conditions PI - P3 and SI - S2. In particular, the conclusions of Theorems 1 1 . 31 
and \1.5\ hold for the law ofV u for any u £ (0,u). 

Proof of Theorem HO . For v £ (0, oo), let P v denote the distribution of V 1 ^. Recall from (|2.3p that for 
any v > 0, V l l v = 7L d \Z 1 / V . From this and Theorem 12.11 it is immediate that the family ¥ v , v £ (0, oo), 
satisfies conditions PI and P2, and the family F v , v £ (0, b), satisfies condition P3 for any b < oo. 

Let u be the largest u such that the family W", v £ (1/u, oo), satisfies condition SI. It follows from 
(|1.7p that u < u*. The positivity of u for all d > 3 follows from the main result of [9] (for d > 5, it also 
follows from [2S (1.2) and (1.3)]). 

Finally, the family P u , v £ (l/ti*,oo), satisfies condition S2 by [2S1 Corollary 1.2]. 

We have checked that the distributions of V x l v satisfy PI - P2 for v £ (0, oo), P3 for v £ (0, b) (and 
any given b < oo), SI for v £ (1/u, oo) (with u > 0), and S2 for v € (1/u*, oo). Since u < it*, the proof 
of Theorem 12.31 is complete. □ 

Remark 2.4. Assumption SI is satisfied by Bernoulli percolation in the whole supercritical phase 
(see e.g. [12l (7. 89), (8. 98)]). Thus it is reasonable to conjecture that u = u*, i.e., that the distributions 
of V" satisfy SI for all u < u*. The verification of this conjecture would in particular imply that the 
conclusions of Theorems 11.31 and 11.51 hold for V u for any u £ (0, u*). 

2.4 Level sets of the Gaussian free field 

The Gaussian free field on Z d , d > 3, is a centered Gaussian field ip = ( ( fx) x ^z d un der the probability 
measure P with covariance Ef^^y] = g(x, y), for all x, y £ where g(-, •) denotes the Green function of 
the simple random walk on Z d . The random field cp exhibits long-range correlations, since <?((), x) decays 
like |x| 2_d as |x| — > oo. 

For any h £ R, we define the excursion set above level h as 

E^ h = {x£Z d : Vx >h}. (2.4) 

We view E^ h as a random subgraph of Z d . For any d > 3, there exists h* £ [0, oo) such that 

(a) for any h < h*, P-almost surely E^ h contains a unique infinite connected component, and 

(b) for any h > h*, P-almost surely all the connected components of E^ h are finite. 
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The finiteness of h* was established in [6j when d = 3, and later in |23] for all d > 3. The non-negativity 
of /i* was shown in [6], and the uniqueness in [23|, Remark 1.6]. 



In this section we show that the excursion set Efx of the Gaussian free field satisfies the assumptions 
and results of this paper in a certain sub-regime (— oo, h) of the supercritical phase (— oo, h*). The relation 
between h and /j* is discussed in Remark 12.71 

The main result of this section is the following theorem. 

Theorem 2.5. For u > 0, let h{u) = h* — u + 1, and let P" be the law of E^ h ^ u \ Then for any d > 3, 
there exists u G [1, oo) such that the family of distributions ¥ u , u > u, satisfies assumptions PI - P3 and 
SI - S2. In particular, there exists h G (— oo, /t*] such that the conclusions of Theorems \1.3\ and \1.5\ hold 
for the distribution of the excursion set E^ h for any h G (— oo, h). 

Proof. The assumption PI is satisfied by P", u > 0, see the discussion above [23} Lemma 1.5]. 

The family P", u > 0, satisfies P2, since the inclusion E^ h C E^ h ' holds for all h! < h G K by RIM . 
The fact that the distributions P", u G (1, oo), satisfy P3 follows from Lemma 12.61 below. 

Recall that J- denotes the canonical sigma-algebra on {0, l} z<i , and denote by Q the canonical sigma- 
algebra on M z . For an event A in T or Q, we denote by 1(^4) the indicator of A. For any B G J- and 



h G M, we define the event B h G Q by 

V (/? £ 



99 € B h (l (cp x >h), x 6 Z d ) G 5. 



(2.5) 



Lemma 2.6. Zei <i > 3. Ze£ L > 1 and R > 50 be integers. Let ^1,2:2 € For i G {1,2}, /et 

Ai G c( l I / ;/ : 2/ G B(xi, 10L)) 6e decreasing events, and Bi G <r(^ r j / : y G B(xj,10L)) increasing events. 
Let h, h G K. There exist c > and C < 00 suc/i i/iai i/ 



/i> h + C-R 



2-d 



and 



\x\ - x 2 \ (X> > R - L, 



then 



and 



A\ n 4£l < P 



Sj 1 n 5^ 



< 



4 /( 

^2 



5', 



(2.6) 



(2.7) 



The proof of Lemma 12.61 is similar to that of [231 Proposition 2.2], but some new ideas are needed in 
order to overcome the issue discussed in [23} Remark 2.3 (3)]. We postpone the proof of Lemma 12.61 to 
after finishing the rest of the proof of Theorem 12.51 

To see that Lemma 12.61 implies that P3 is satisfied by the family P", u G (1, 00), note that for any 
u, u > 1 such that u > (1 + C ■ R 2 ~ d )u, we have that u > u + C • R?~ d . In particular, we get that 



h(u) = h*-u + l> h{u) + C ■ R 2 ~ d . It is now immediate from Lemma 
P3 for any choice of < e P < 1 and < Xp < d — 2. 



that P", u G (l,oo), satisfies 



We proceed with SI. Let u G [0,oo] be the smallest u' such that the family P u , u > u' , satisfies 
condition SI. Define h = h(u) and note that h < h* (i.e., u > 1) follows from (|1.7p and the definition of 
/i*. We will now prove that u < 00 (i.e., h > —00). 

We say that x, y G 7L d are *-connected in S if there exists x\, . . . ,x n G S such that x\ = x, x n = y and 
l^fc+i — ^fcloo = 1 for all k G {1, . . . , n — 1}. Essentially the same proof as the one of [231 (2-64)] implies 
that for any d > 3 there exists h G (0, 00) and constants c > and C < 00 such that 



and x are *-connected in E ( 



>h 



<Ce" |x|c , for all x G Z d , h > h. 
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Observing that the laws of E^ h and Z d \ E^~ h are the same under P, we immediately obtain that the 
♦-connected components in the complement of E^~ h are very small for any h € (h, oo). Then, a standard 
argument based on the connectedness of *-boundaries (see, e.g., the proof^of [9j Corollary 3.7]) implies 
that the distribution of E^~ h satisfies SI for any h E (h, oo). Let u = h*-\-h + l< oo. For any u > u, we 

have that h(u) < —h. Therefore, the family P", u > u satisfies condition SI. In particular, u <u < oo. 



Finally, recall that by [2'6\ Remark 1.6], for any h < h#, P-almost surely, there is a unique infinite 
connected component in E£ . Therefore, with standard methods (see, e.g., the proof of [X2^ Lemma 
(8.10)]), it follows that the distributions of P u , u € (l,oo), satisfy assumption S2. 

We have checked that the family of distributions P u satisfies PI - P2 for u > 0, P3 and S2 for 
u G (l,oo), and SI for u € (u, oo) with u < oo. The proof of Theorem 12.51 is complete, given the result 
of Lemma 12.61 □ 



Remark 2.7. Similarly to Remark 12.41 it is reasonable to conjecture that h = h*, i.e., that the 
distribution of E^ satisfies SI for all h < h*. As soon as this conjecture is verified, the conclusions of 
Theorems 11.31 and 11.51 extend to the excursion set E^ h for any parameter h in the supercritical regime 
(— oo, /i*). Proving that h = h* may be quite hard. A reasonable start would be to prove that h > 0. A 
strict inequality, i.e., h > 0, would be even better, but at the moment there is no rigorous argument even 
for the statement that h* > for all d > 3. It is only known that h* > when the dimension d is large, 
see \23\ Theorem 3.3]. Extending the result of |23|, Theorem 3.3] to all dimensions d > 3 is thus another 
interesting open problem, see [231 Remark 3.6 (3)]. 



Proof of Lemma \2. 61 We will only prove (|2.7|) . The proof of (|2.6|) is similar, and we omit it. 
Let Ki = B(xj, 10L) for i = 1, 2. Let H(h) be the event that 

H(h) = | there is no nearest neighbour path in E^ h connecting K\ to B(xi,20L) c | . 

By [231 (2-63)], there exists ho € (/i*,oo) and constants c > and C < oo such that P[H(ho) c ] < Ce~ LC 
for all L > 1. From now on we fix such ho and write H for H{ho). In order to prove (|2.7|) we only need 
to show that there exists a constant C < oo such that with 7 defined as 



C ■ R 2 - d , 



(2.8) 



for every h € M and every pair Bi € c(\l/„ 
assumptions of Lemma 12. 6\ we have 



y e Ki 



1,2 of increasing events in T satisfying the 



< 



B 



B. 



(2- 



(Here, to simplify notation, we replaced h of (|2.7p by h, and h of (|2.7p by h — 7, hopefully without 
confusion.) 

Denote by P the union of K\ and the set of vertices of 7L d connected to K\ by a simple path in E^ h ° . 
Note that if H occurs, then 

B(xi,10L) C V C B(xi,20L). 

Denote by D the set of subsets -D of B(xi,20L) that can arise as a realization of X> with positive P- 
probability. We start proving (|2.9|) by writing 



Bi (1 B% f) H 



(2.10) 
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Note that the event \T> = D} is measurable with respect to the sub-sigma-algebra of Q generated by 
tpjj = (<fx) x( zj), where D = {x G 7L d : 3 y G D : \x — y\\ < 1} denotes the /i-closure of D. Thus for any 



nB 2 ft n{P = D} = E ) • 1 (D = D) • P (ft) xeX2 G B 2 



fD 



According to |23|, Remark 1.3], for every D G D there exists a probability measure P on 
(<?x) X £z d ^ S a centered Gaussian field under P with (p x = for all x G D, and 



(2.11) 
such that 

(2.12) 



where fi x , x G Z d is given by 



= ^ Px [ H D < °°' = V) ' fv 

y£~D 



where P x denotes the law of simple random walk on Z d started at x, Hjy denotes the first time that the 
random walk enters D and Xh— is the position of the walker at time Hjj. 

Let us fix D G D and ipjj such that the event \T> = D} occurs. By the definition of D, we have that 
< ho ■ P x (Hjy < oo) for all x £ D. Under the assumptions of Lemma 12.61 the Z°°-distance of Ki and D 
is at least \R ■ L, thus by a standard argument based on estimates for the discrete Green function and 
capacity (see, e.g., the calculation below [231 (2-30)]), we obtain that there exists C < 00 such that for 
any x G K2, P x {Hjy < 00) < C ■ R 2 ~ d . In particular, by taking C in (|2.8p to be 2/iq • C, we obtain that 



max \i x < ho ■ C ■ R ~ 



7- 



x€K 2 ' " 2 

Now we are ready to carry out the "sprinkling" mentioned in Remark ll.lt 



(2.13) 



{fx) xeK , e b\ 







f~D 


P 



{fx + W, G B\ 



fx + Ip 



(*) 
< 



G 



(*) 
< 



{fx - Vx) x 



x£K 2 



G B$T 



(2.14) 



where in the equations marked by (*) above we used f|2. 13|) and the fact that B2 is an increasing event. 
For any B G T we define the flipped event B G J- by 

'l(£ x = 0),x GZ d ) £B. 



v£e{o,ir 



£ G B 



(2.15) 



Note that if -B is an increasing event, then i? is a decreasing event. With definition (|2.15p at hand, we 
note that 

{(ft - Hx) x( z K2 G B^' 1 } = {(1 (^ x . - fJ- x >h-j) ,x € K 2 ) G -B 2 } 2 = 5 

- ft < li - 7), 1 a 2 ) £ B 2 } ^ {(-ft + ft) l£ K 2 e 4 7 "''} . P-a-s. (2.16) 
Plugging this identity into ()2.14|) we obtain 

-fx + Vx) xeK2 G BiJ"' 1 1 = P \(<p x + Hx) xGl<2 



B\ 



fD 



< 



G Bl~ h 



B. 



fD 
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where in the equation marked by (*) we used the fact that <p>K% an d — ( Pk 2 have the same distribution 
under P. Substituting this inequality back into (|2.1ip . we obtain 



B\ nBjn{D = D} 



< 



Combining this inequality with (|2.10j) we conclude 



b£ n B\- h n{v = D} 



B^nB^nH 



< 



b\ n Bl~ h 



(a) 
< 



B 



rt-' 1 

n 2 



(b) 
< 



B 



B 



h—'y 



where in (a) we used the fact that the increasing event B\ and the decreasing event Bj h are negatively 
correlated under P by the FKG-inequality for the Gaussian free field (see the remark above |23[ Lemma 
1.4]) and in (b) we used the fact that B\ is increasing and a similar identity as in (|2.16p combined with 
the fact that <p and —ip have the same distribution under P. This concludes the proof of (|2,9p and (|2.7p . 
The proof of (|2.6|) is analogous and we omit it. The proof of Lemma 12.61 is complete. □ 



2.5 Vacant set of random walk on a torus 

We consider a simple symmetric nearest neighbor random walk on the d-dimensional torus IV = (Z/JVZ) , 
d > 3, started from a uniformly distributed vertex. Let X U ' N denote the random subset of Tjv which 
consists of the sites visited by the random walk in the first |_wiV rf J steps, and 

V**'* = T N \ Z U ' N 

the vacant set of the random walk. We denote the distribution of V U,N by P"^. We view V U,N as a 
(random) graph by drawing an edge between any two vertices of V U ' N at ^-distance 1. The study of 
percolative properties of V U,N was initiated in [1] and recently significantly boosted in [30]. Informally, 
[30, Theorems 1.2 and 1.3] state that for all d > 3, with high probability as N — > oo, 

(a) if u is big enough then V U,N consists of small connected components, but 

(b) if u is small enough then V U ' N contains macroscopic connected components. 

It is conjectured that the transition between these two phases is sharp and occurs at the critical threshold 
of the vacant set of random interlacements (see Section [2.31 for the definition of u*). 
Uniqueness of the giant component of V U ' N is only known in high dimensions: it follows from [301 

Theorem 1.4] that if d > 5 and u is small enough then the connected component C^ ax of V"'^ with 

the largest volume has a positive asymptotic density and the volume of the second largest connected 

component of V U ' N is bounded by (logiV) , with high probability as N — > oo. 

We are interested in the chemical distance p u ,n{', •) on the vacant set V U ' N . In particular, we show in 

Theorem 12.81 below that if d > 5 and u is small enough then the (chemical) diameter of the subgraph of 

Tjv spanned by the giant vacant component C^ ax is comparable to ./V with high probability as N — > oo. 

Note that the analogous result about the chemical distances on X U,N was proved in [8] Theorem 1.6] for 

all d > 3 and u > 0, which improved the earlier result of |18[ Theorem 2.1]. 

Theorem 2.8. For any d > 5, there exists u = u(d) > such that for each u < u there exists C = 
C(d, u) < oo such that for all n > 0, 



N- 



lim N K { 1 - ¥ U ' N 



N/C < max p u ,N(x,y)<CN 



0. (2.17) 
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Remark 2.9. We believe that the statement of Theorem 12.81 holds for any d > 3 and u < u* (see 
Section [2. 3p . A possibly simpler open problem is to show that u(d) > for d G {3,4}. 

The main ingredients for the proof of Theorem 1 2 . 8 1 are Theorem 12.31 the strong coupling of [30, Theo- 
rem 1.1] between the vacant set of random walk on the torus and the vacant set of random interlacements, 
and the notion of strongly supercritical values of u in [30, Definition 2.4]. 

We split the proof of Theorem 12 . 81 into several steps. We first show that V u ' contains many mesoscopic 
(not necessarily connected) subsets C z , z E T/v, with good chemical distance properties. We then show 
that these sets are connected to each other and to any vertex of V n ' which is in a connected component 
of large enough diameter by paths of length at most CN. Most of the sets C z will be at distance > N/C 
from each other, which will guarantee the lower bound on the (chemical) diameter of C^ aa; . 

Recall the definition of the vacant set of random interlacements V u from Section 12.31 We begin with 
a lemma, which is motivated by the strong coupling [30, Theorem 1.1] of V u ' and V u . The lemma states 
that under some assumptions on u, there exists a mesoscopic subset of V n ' with good chemical distance 
properties. 

Let us choose (somewhat arbitrarily) the mesoscopic scale 

re = N 1/3 . 

Lemma 2.10. Let d > 3, u > 0, and e > 0. // the distribution ofV t - l+e ^ u satisfies (jl.8p and (|l.lip . then 
there exists C = C(u,e) < oo such that for any k > 0, 



lim N K 

JV->oo 



T>U,N 



there exists C C V U ' N n B(0,n) such that 
(i) for all x,y G C, p u ,n(x, y) < Cn, and 
(ii) for all x G B(0, re/2), B(x, n 1 /*) nC/( 



(2.18) 



Remark 2.11. Note that for any u < u (see the statement of Theorem 12. 3p . V" satisfies (|1.8p and 
(jl.lip . In particular, we deduce from Lemma [2. 101 and Theorem 12.31 that for any d > 3, u < u, and k > 0, 
(|2.18p holds (by taking e > such that (1 + e)u < u). 

Proof of Lemma\2JM Let A = B(0, re 2 ) C T N be the ball of radius n 2 (= N 2 / 3 ) centered at G T N . The 
ball A is isomorphic to the ball A = B(0,n 2 ) C Z rf via the graph isomorphism <3?tv : A — > A. It follows 
from [301 Theorem 1.1] that for any d > 3, u > 0, e > 0, k > 0, and N > 1, there exists a coupling 
(^,^,P M ' iV ) of V U ' N and V {1+e)u such that 



lim N K ( 1 

N^oo 



)>u,N 



V (1+e) "nA c $ N (v u > N nA) 



o. 



(2.19) 



Now we fix u > and e > so that the distribution of V^ 1+E ^" satisfies (|1.8p and (ll.lip . Let u' = (l + e)u, 
let p u /(-,-) be the chemical distance in V u , and let C u i < oo be the constant from (jl.lip . Let V^, be the 
unique (by (jl.lip ) infinite connected component of V" . Consider the event 



',7V 



for any x, y G n B(0, n), p u >(x, y) < C u >n, and 
for any x G B(0, n/2), B(x, n l / d ) nV^0 



It follows from (jl.8p . (jl.lip . and our choice of u' that for any k > 0, 



lim 



1 



.N 



£ 



u'N 



0. 



(2.20) 



Note that if the event £ U '> N n {V"' n A C ® N (V U < N DA)} occurs, then the set 



C = *N l [V£n B(0, n) ) C V"^ n B(0, re 
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satisfies the conditions in (|2.18p for all large enough N. Indeed, it obviously satisfies (ii) by the definition 
of £ u ' N and the fact that B(x,n 1//a! ) C B(0, n) for all x G B(0,n/2). It satisfies (i) since for any 
x, y G V^, R B(0, n), by the definition of £ u ' N , there exists a path of length at most C u m in V" between 
x and y, which (if n + C u m < n 2 ) is contained in A n V u for large enough N. Therefore, there must be a 
path in V"' of length at most C u m between any pair of vertices x, y G C (just take the preimage of the 
corresponding path in VJ^ under 3>jv). 

Lemma EE] now follows from (|215|l and (|230]) . □ 

Corollary 2.12. £e£ d > 3 and u > 0. Choose e = e(u) > smc/j i/ia£ (1 + e)u < u, where u is defined 
in Theorem \2.3\ (see also Remark \2.11\) . Let C = C(u) = C(u,e(u)) < oo be the constant from (|2.18p . 
Consider the event 

{for any z G Tn, there exists C z C y u > N D B(z, n) suc/t i/iai "j 
(i) for all x, y G C z , p U) jv(:c, y) < Cn, and \ . (2.21) 

(ii) for all x G B(z, n/2), B(x, n 1 ^) n C 2 ^ J 

/i follows from Lemma \2.10\ and Remark \2.11\ that for any d > 3, u <u, and k > 0, 

lim 7V K (1 - F U ' N \J^' N ] ) = 0. (2.22) 

Lemma 12.101 establishes under some assumptions on u the existence of a subset C of V U,N with good 
chemical distance properties. Those assumptions are not enough to extend the result of Lemma 12.101 to 
Cmaxi an d we need to assume that V U,N is well connected locally. More precisely, let V" ' N be the subset 
of vertices in connected components of V U ' N with diameter > r. Consider the event 



gu,N 



for all x, y G V u \/ d with \x — y\ < 2n l l d 
x and y are connected in V U ' N H B(x,4n 1//d ) 



The following lemma provides sufficient conditions for the connectedness and ubiquity of V u, ^f d and states 
that the (chemical) diameter of V^j^ is comparable to N. 

Lemma 2.13. For any d > 3 and u > 0, there exists C = C'(u) < oo and N' < oo such that for all 
N > N', 

T u,N n r «,7V r / /° r al1 X ,V G ^( X > f ) ^ arld 1 f 9 o^ 

^ "\ /oraZZxGT^v, V^nB(x,n^)^0 J' 

Proof of Lemma \2.13[ Fix d > 3 and u > 0, and assume that the event J 7 "^ n ^ u,Ar occurs. First of all, 
note that for any z G Tjv, by the definition (|2.21|) of C 2 , 

C,C/;. (2.24) 

Indeed, C z is a subset of a connected set in V U,N and contains vertices at distance > n/2 — 2n l l d > n 1 ^ 
(the last inequality holds if N is large enough). It follows from (|2.24|) and the definitions of J 7 "-^ and 
G U ' N that 

for all x G V™{%, there exists y G C x such that p u , N (x, y) < \B(x, 4n 1/d )| < 9 d ■ n. (2.25) 
For x, y G T^v, let 

Pu,N{C x ,C y ) = mi{p UiN (x',y l ) : x' G C x , y' G C y } G [0,oo]. 
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Note that 



for any x,y € TV with \x — y\ < n, p u ,N(C x ,C y ) <9 d -n. (2.26) 



Indeed, for any x,y € TV with \x — y\ < n, there exists z € B(x,n/2) fl B(y, n/2), therefore there 
exist x' € C x n B(z,n 1 / d ) and j/'G^n B{z,n 1 / d ). By ([23^1 . the definition of Q U > N ', and the fact that 
|x' — y'| < 2n 1//fl! , Pu,n(x' ,y') < |B(x',4^ 1//rf )| < 9 d • n. This is precisely (|2.26p . It is now immediate from 
$ZM) that 

for any x, y e Tjv, Pu.N^Cy) <2-{9 d + C)-N, (2.27) 

where C = C(u) is the constant in (|2.2ip . Indeed, for any x, y € T^r, there exist zj, . . . , z m € T^r such 
that m = 2[N/n\, z\ = x, z m = y, and for all 1 < i < m, \zi — zi + \\ < n. Applying (|2.26p to each pair 
and using the definition of C Zi , we obtain from the triangle inequality that 

m— 1 

Pu,N(C x ,Cy) < Yl PuM C Zi,C Zi+1 ) + (m-2)-C-n<2-(9 d + C)-N, 
i=i 

where C = C(u) is the constant in (|2.2ip . 

It follows, in particular, from (|2.27p that all the C z , z G T^v, are connected in \> U ' N . The event 
on the right-hand side of (|2.23|) now follows from (|2.25j) . ()2.27j) . and the triangle inequality, with C = 
4-(9 d + C). □ 

Corollary 2.14. Let C^ ax be a connected component in V U ' N with the largest volume. It is immediate 
that if V^i/d * s connected and has diameter greater than n, then it is the connected component in V U ' N 
with the largest volume, i.e., C^ ax = V u 1 / d . Therefore, (|2.23p implies that 

jru,N n r u,N r / for all x, y G C^ ax , p U)N (x, y) < C'N, and \ 
y -\ for all xe T N , C^ ax n B(x, n l ' d ) ± /' 

with C as in $2~23\i . 



Now we have all the ingredients to prove Theorem 12.81 

Proof of Theorem \2.8[ In [30, Definition 2.4] a notion of strongly supercritical values of u was introduced, 
which is similar in spirit to assumption SI for V u , but stronger. In particular, it is not yet known that 
strongly supercritical it's exist for d € {3,4}. We will not give this definition here, but just mention that 
analogously to [301 (2.20)-(2.22)] one obtains that for any strongly supercritical u and for any k > 0, 

lim N K (1 - F U ' N \G U ' N ] ) = 0. (2.29) 

In particular, we conclude from (|2.22p . (|2.28p . and (|2.29|) that for any u <u which is strongly supercritical, 
(gJTD holds. It remains to say that by [291 Theorems 3.2 and 3.3] (see [30 (1.11)]), 

for all d > 5, there exists u > such that every u £ (0, u) is strongly supercritical. 

This completes the proof of Theorem 12.81 with u = min(n, u). □ 
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3 Renormalization 

In this short section we set up a general multi-scale renormalization scheme and state Theorem 13. 11 
Let l k , r k , L k , k > be sequences of positive integers such that 

k>r k , L k = l k _x ■ L fc _i, k>l. (3.1) 
For k > 0, we introduce the renormalized lattice graph G^ by 

G k = L k Z d = {L k x : i£Z d }, 

with edges between any pair of (/ 1 -)nearest neighbor vertices of G k . For k > 1 and x G G&, let 

A*,* = n (x + [0, L fc ) d ). (Note that (A^l = (Z fc _i) d .) (3.2) 

For x G Go, let G x = G Xj o = G Xi o,l be a o"(^ / y , y G x + [— Lo, 3Lo) d )-measurable event. We call events 
of the form G Xj o,l see -d events, and we denote the family of seed events (G Xi o,l : Lq > l,x E Go) by 
G. For k > 1 and x G G&, we recursively define the events G x>k = G Xi k,L by 

G x ,k = [_J G xijk ^\ n G X2j k~i ■ (3.3) 

xi,X2GA :Eifc ; \xi-X2\oo>r k - 1 -L k _ 1 

(For simplicity, we omit the dependence of G x ^ k on Lq from the notation.) The reader should think of the 
event G x>k as "unfavorable". Informally, (|3.3|) states that an unfavorable event inside a box of scale L k 
implies the occurrence of two unfavorable events inside sub-boxes of scale L k _\ that are sufficiently far 
apart from each other. By induction on k, the event G X:k is (j{^ y , y G x + [—Lq, L k + 2Lo) d )-measurable. 

The following theorem helps us to give a good upper bound on the P M -probability of some large-scale 
unfavorable events G Xjk ,x G G& in the case when the events G x , x € Go, are P" -unlikely for any u' in a 
small neighborhood of u. 

Theorem 3.1. Assume that the probability measures P", u G (a, b), satisfy conditions P2 and P3. Let 
u G (a, b) and 5 G (0, 1). Let 

9 SC = [l/ £p ] , Z fc = l ■ 4 fc9sc , r k = r • 2 fc * sc , /c > 0, (3.4) 

where e P is defined in P3. Let G x , x G Go, 6e a// increasing events and u' = (1 + S)u, or all decreasing 
events and u' = (1 — 5)u. Tjf u' G (a, 6) cm<i 

liminf sup P"' [G x ] = 0, (3.5) 

L ->tx> a . e( G 

i/ien i/iere exis£ C = C(5) < oo and Lq such that for any choice of Iq, r$>C and for all k > 0, 

su P P M [G x , fe ] <2- 2 \ (3.6) 

Moreover, if the limit in ()3.5[) (as Lq — > ooj exists and equals to 0, i/ien i/iere exists G = C'(5, G, Iq) < oo 
such that the inequality (j3.6|) /io/(is /or a// ?o, r o > C, Lq > C' , and k > 0. 

Remark 3.2. The choice of Zjt and in (j3.4j) is somewhat arbitrary and made to make some of the 
calculations more transparent, nevertheless, for the proof of Theorem 13. 1\ we want that 
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( a ) IlfeLo ( ^ + r k XP ) * s c l° se to 1, where Xp is defined in (see (|7.ip ). 



(b) Ik grow fast enough (see (|7.1ip . where the choice of 9 SC becomes clear), but 



(c) Ik do not grow too rapidly (see (|7.10p ). 
For the proof of Theorem 11.31 we will also want that 



(d) nr=i (i + gfr) < 0° m), 



(e) lo > 4ro (see Lemma l5T3j) . and 

(f) 1^ do not grow too fast (see (|6.2p and (|6.3p ). 

We postpone the proof of Theorem 13.11 until Section [JJ Our particular choice of the monotone seed 
events (and the verification of the condition (|3.5p for these seed events) is the subject of Section HI 



4 Connectivity patterns in S 

The strategy for the proof of Theorem 1 1.31 is to define a P"-likely event T~L, which implies the event on the 
left-hand side of (jl.lip . The definition of % in Section [6] will be based on a certain coarse-graining of S. 
We will partition the vertices of the coarse-grained lattice Go into O-good and O-bad in such a way that 

(a) if x is a O-good vertex of Go then we can identify a macroscopic connected component C x of S n (x + 
[0, Lo) d ) with the property that components C x , C y corresponding to adjacent good vertices x,y E Go 
are locally connected to each other in S, and 

(b) the subgraph of Go spanned by good vertices contains a dense network of "highways", i.e., nearest 
neighbor paths whose length is comparable to the graph distance between their endpoints in Go- 

The crucial role in the definition of the event H will be played by Theorem 13. 1[ Since Theorem 13.11 is only 
about increasing or decreasing events, we will define the event that x E Go is O-good as an intersection of 
an increasing event A™ and a decreasing event The event A'% roughly asserts that the Lo-neighborhood 
of x has a macroscopic connected component of S (see Section I4.ip , and the event B% roughly asserts 
that the Lo-neighborhood of x has at most one macroscopic connected component of S (see Section EL"2j) . 

The geometric details of the above listed plan will be carried out in Section [5j The property of 0- 
good vertices outlined in (a) will be precisely formulated and proved in Lemma 15.21 We will obtain the 
construction of the "highways" mentioned in (b) by iteratively applying the construction of Lemma 15.31 

Before we proceed with the definition and properties of the events A^, and B™, observe that by 
(fTTUI) and Definition [TSJ P u [0 E S r ] > r)(u) and P u [0 E S r ] -4 77 (u) as r -4 00. Therefore, if the 
measures P", u E (a, 6), satisfy the condition PI, then by an appropriate ergodic theorem (see, e.g., |10l 
Theorem VIII. 6. 9]), we get for any u E (a, b), 




■a.s. 



(4.1) 



x£[0,L) d 



x£[0,L) d 



where the {0, l}-valued random variable 1(A) denotes the indicator of the event A E T . 
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4.1 The increasing events A% 

Definition 4.1. For a; € Go and u > 0, let A" G J 7 be the event that 

(a) for each e G {0, l} d , the set Sl r\(x + cLq + [0, Lo) d ) contains a connected component with at least 
jT](u)Lq vertices, 

(b) all of these 2 d components are connected in S n (x + [0, 2Lo) d ). 

Note that for each y' G the event { y' G 5l } is increasing and measurable with respect to 
cr(^ y : y G B(y', Lo)), thus ^4" is increasing and measurable with respect to o~(fy y : y G x + [—Lo,3Lo) d ). 

For u > and cc G Go, let 

and for u > 0, > 1, and x G G^ let 

3£*= U ^„nn^ 2 ,n. (4.2) 

The events k are decreasing and measurable with respect to a(^ y , y G x + [—Lo, L& + 2Lo) rf ). 

Lemma 4.2. Assume that the measures P", u G (a, 6), satisfy conditions PI - P3 and SI - S2. Lei 
rfc, and Lk be defined as in ()3. 1 j) and ()3.4|) . T/ien /or eac/i u G (a, 6), £/iere exisi C = C(u) < oo and 
C = C'(u, Iq) < oo such that for all Iq, ro > C , Lq > C , and k > 0, 

P«[^, fe ]<2- 2 \ 

Proof of Lemma \4-%\ It suffices to show that for any u G (a, 6) there exists <5 = <5(u) > such that 
(1 — 5)u > a and 

p (i-5)u ^ ^ Xj ag Lq ^ ^ (43) 

Indeed, once (|4.3|) is shown, the result will follow from Theorem 13.11 applied to the decreasing seed events 
G x = 3^ , x G G . 

Let u G (a, 6). By the condition S2, we can choose e > and 5 = 5(u) > so that if we define 
u' = (1 — <5)?x, then we have 

u' > a and (1 - 4e) d r/ (u) > -rj(u). (4.4) 
With such a choice of e and 5, for Lo > 1, we obtain 

n(u'){L -±[eL Q \) d >\r,(u)L d . 

We consider the boxes 

Q e = eL + [2[£L \,L - 2[eL \ ) d , e G {0,l} d . 

The volume of Q e is |Q e | = (L - 4|eL J) d . Using flU} and we get that with P"' -probability 

tending to 1 as Lo — > oo, each of the boxes Q e , e G {0, l} d contains at least jT](u)Lq vertices of Sl . 

By ()1.9p . we obtain that with P M jprobability tending to 1 as Lo — > oo, for all e G {0, l} d , Sl H Q e is 
a subset of a connected component C e of 

S Lo n (eL + [ [eL \,L - [eL \ ) d ) . 

By what is proved earlier, with P u ' -probability tending to 1 as Lo — > oo, for all e G {0, l} d , we have 
\C e \ > lr)(u)L d . 

Moreover, again by (jl.9p . with F u -probability tending to 1 as Lo — > oo, all C e , e G {0, l} d , are in the 
same connected component of Sl H [0, 2Lo) d . 

By Definition 14.11 this implies (|4.3p and completes the proof of Lemma 14.21 □ 
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4.2 The decreasing events 

Definition 4.3. For iGGo and u > 0, let B% G J 7 be the event that for all e G {0, l} d , 

S Lo n(x + eL + [0, L ) d ) | < -r]{u)Li 

Note that the event B x is decreasing and measurable with respect to o-(^ y : y G x + [— Lo, 3Lo) d )- 

For u > and x G Go, let 



5 X,0 = i B . 



u\c 

X I 1 



and for u > 0, A; > 1, and x G G& let 



n B x 2 ,k-1 



(4.5) 



The events k are increasing and measurable with respect to cr(^ y , y G x + [— Lq, + 2-Lq) 



Lemma 4.4. Assume that the measures F u , u G (a, 6), satisfy conditions PI - P3 and S2. Let lk, r^, and 
L]~ be defined as in f)3. 1 1) and ()3.4[) . For eac/z u G (a, b), there exist C = C(u) < oo and C = C'(u, Iq) < oo 
such that for all /o, r o > C , Lq > C , and k > 0, 

P"[S^]<2- 2fe . 

Proof of Lemma \4-4\ It suffices to show that for any u G (a, b) there exists 5 = 5(u) > such that 
(1 + 5)u < b and 

p (i+i)« ^ 1; as Lq ( 4>6 ) 

Indeed, once (|4.6p is shown, the result will follow from Theorem 13.11 applied to the increasing seed events 
G x = B x , x G Go- 

Let u G (o, b). By the condition S2, we can choose 5 = 5(u) > so that with v! = (1 + S)u, we have 



u' < b and 77 (?/) < — ij(u). 



(4.7) 



Therefore, (|4.ip and ()4.7p imply that, with P u ' probability tending to 1 as Lq — > 00, for all e G {0, 1}^, 



5 Lo n^L + [0,L rj <-r?(n)Lg. 
By Definition 14.31 this is precisely (|4.6p . The proof of Lemma 14.41 is complete. 



□ 



5 Good and bad vertices 

The aim of this section is to provide the geometric details of one iteration of the recursive construction 
of short paths in S. We follow the strategy outlined in the introduction of Section [4J Throughout this 
section, Ik, r k , and Lk, k > 1, are positive integers satisfying (|3,ip . 

Definition 5.1. Let u G (a, b). For k > 0, we say that x G G^ is k-bad if the event 

occurs. Otherwise, we say that x is k-good. Note that the event {x is fc-good} is measurable with respect 
to a(^ y : y G x + [-L , L k + 2L ) d ), see below ([4~2]) and (j4"3|) . 
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In the remainder of this section we prove useful geometric properties of /c-good vertices. All the results 
of this section are purely deterministic. We fix the parameter u G (a, b). 

Lemma 5.2. Let x and y be nearest neighbors in Go and assume that they are both 0-good. 

(a) Each of the graphs Sl H (z + [0, Lo) d ), with z G {x,y}, contains the unique connected component 
C z with at least jT](u)Lq vertices, and 

(b) C x and C y are connected in the graph S n ((x + [0, 2Lo) d ) U (y + [0, 2Lo) d )). 

Proof of Lemma \5.2[ Let x and y be nearest neighbors in Go and assume they are both 0-good, i.e., the 
events A£, B%, Ay, and By occur. 

By Definition 14.11 since A£ and Ay occur, the graphs Sl n (x + [0,L ) d ) and Sl H (y + [0, L ) d ) 
contain connected components C x and C y with at least |t/(u)Lq vertices, which are connected in S n ((x + 
[0,2L ) d )U(y + [0,2L ) d )). 

It remains to show that C x and C y are unique. By Definition 14.31 since i?" and -B^ occur, each of the 
sets Sl n (x + [0, Lo) d ) and Sl n (y + [0, Lo) d ) contain at most |t?(u)Lq vertices. Since 2 • | > I, there 
can be at most one connected component of size at least jT](u)Lq in each of the graphs Sl Pl(z+ [0, Lo) d ) 
and iSl H (y + [0, Lo) rf ). This implies the uniqueness of C x and C y and finishes the proof of Lemma l5?2l □ 

Lemma 5.3. Let k > 1. Xei 7r = (xo, • • • ,x m ) 6e a nearest neighbor path in G k of k-good vertices. If 
Iq > 4ro, then there exists a nearest neighbor path tt' = (x' , . . . , x' n ) in Gfc_i of {k — l)-good vertices, such 
that 

(a) x' Q G A X0 ,fc, a^n G A x m ,k (recall $£2b), and 

(b) n < (1 + 8 • £=i) • /urn. 

"fe— 1 

Proof of Lemma \5.'J[ Fix > 1 and a nearest neighbor path tt = (xq, . . . , x m ) in G k of fe-good vertices. 
For each < i < m, since Xj is /c-good (see Definition 15. 1| (|4.2p . and (|4.5p ). there exist cij, 6j € A Xij fc such 
that all the vertices contained in 

A* = A Xijk \ ((oi + [0, r^iL^!)^ U (6, + [0, r fc _ 1 L Jfc _ 1 )« i )) (5.1) 

are (k — l)-good. Since lk-i > r^-i, each of the sets A*, < i < m is non-empty. In particular, this 
settles the case m = 0, and from now on we may and will assume that m > 1. 

Our strategy to construct the path tt' is as follows. We show that for any < i < m — 1, there exists 
a pair of vertices y* G A* and G A* +1 such that 

(a) for < j < m — 1, y* is connected to z* +1 by a nearest neighbor path in A* U A* +1 of length lk-i, 

(b) for 1 < i < 77t — 1, z* is connected to y| by a nearest neighbor path in A* of length at most 8r k -i- 

We then define 7r' as the nearest neighbor path from y$ G A* to z^ G Aj^ obtained by concatenating all 
the paths constructed in (a) and (b). 

Let < % < m — 1. Let a, be the smallest number in {l,...,c£} such that e ai is orthogonal to 
(xj+i — Xj). By (|5.ip . since > 4r; s _ 1 , there exists an integer < ji < 4r^_! such that the hyperplane 
fl| orthogonal to e ai and passing through Xi + Lfc-ij;e ai G A Xi;k (and x i+ i + L k - 1 j i e cii G A ai+lt fe) satisfies 

n (A Xi , k u A x . +1)fc ) c (A* u A* +1 ). 

We define 

y* := Xi + L k _ijie ai and z* +1 := x i+ i + L k _ijie ai . 
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Figure 2: The case d = 2 and «j = aj_i. 



Note that the line segment in G^-i from y* to z* +1 has length lk~i and is contained in A*UA* +1 . Therefore, 
it remains to show that y* and z* satisfy the requirement (b) above. 

Let 1 < i < m — 1. We consider separately the cases a, ^ a-i-i and a« = ai_i (see Figures [Q and [21 
respectively). 

If on ^ aj_i, then 

Vi + Lk-iji-iea^ = z* + L k _ijie ai € if* n if-Li- 

Note that the line segment from y* to y* + L / t„ijj„ie ai _ 1 in G^-i is contained in A Xit k n H* C A*, and 
the line segment from z* to z* + Lk-\3i e a.i in G^_i is contained in h. Xi ,k H C A*. We conclude that 
y* and z* are connected in A* by a nearest neighbor path in Gk-i of length + jj < 8rfc_i. 

If «j = ai-i, let /3j € {1, . . . ,d} be such that the unit vector is parallel to (xj — Xi-\). By the 
definitions of a.{ and /3j, ctj ^ ft. By (|5.ip . since lk-i > 2rfc_i, there exists an integer < fcj < 2r^_i such 
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that the line l\ parallel to e ai and passing through y* + Lk-ihe^ (and z* + Ljt-ifcje^) satisfies 



£*r\A Xt:k c A*. 



Note that the line segment from y* to y* + Lfc-ifcje^ in Gfc_i is contained in A Xi ,k n 11* C A*, the line 
segment from z* to + L^ikieg. in is contained in A x . ^ n H*_i C A*, and the line segment from 

y* + Lk—ikiepi to z* + Lk-ihe^ in G^_i is contained in A^^ n I* C A*. We conclude that y* and z* are 
connected in A* by a nearest neighbor path in Gk-i of length 2k{ + — ji\ < 8r*._i. 

We have shown the existence of vertices y* and z* satisfying (a) and (b) above. The proof of Lemma loTBI 
is complete. □ 



In our proof of Theorem 11.31 we will follow the strategy sketched at the beginning of Section 2) We will 
define an event % using the definition of /c-good vertices from Section [5j Using the seed estimates of 
Section 21 we will show that Ti occurs with high P u -probability. We will then apply the geometric results 
of Section [5] to show that H implies the event on the left-hand side of (jl.lip . This part of the proof is 
purely deterministic. 

Let u G (a, b). It suffices to show that for some c = c(u) > and C = C(u) < oo, the inequality (jl.lip 
holds for all R > C with large enough C = C'(u). Increasing C possibly even further then yields the 
validity of ([TIT]! for all R > 1. 

We take Iq > 4ro and Lq so that the implications of Lemmas 14.21 and 14.41 hold (with Ik and as in 
(|3.4p and as in (|3,ip ). Let s be the largest integer such that L s < R 1 l d , i.e., 



We assume that R > Lq, so that s is well-defined. Let H be the event that 

(a) each z6G s flB(0, 2R) is s-good, and 

(b) for any z G G s fl B(0, 2R) and x, y G Sl s fl (z + [0, 2L s ) d ), x is connected to y by a path in S of 
length at most (AL s ) d . 

The event in part (b) of the definition of % is implied by the event that 

(b') for any z G G s H B(0, 2i?) and x,y € Sl s H (z + [0, 2L s ) d ), x is connected to y by a simple path in 



By Definition 15. H (|1.9p . and Lemmas 14.21 and 14.41 for any u G (a, b) and some constants c = c(u) > and 



6 Proof of Theorem 11.31 



s = max{ s' : L s i < R 




(6.1) 



Sn(z + [-L s ,3L s ) d ). 



C = C{u) < oo 



P u [H c ] < \G S n B(0, 212)| ■ 2 ■ 2- 2& + \G S n B(0, 212)1 • C ■ e ~ chi - u ' L ^ . 
By (1211), ([33]), and <fBTT]> . for all R > L d , 

R 1/d <L s+1 = l s -L s <l .A.(L s ) 1+29sc , 



which implies that 



L s > 




(6.2) 
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Using (JO)]) . (pTI]> . <pO]> . and ([FT2|> . we deduce that there exist c' = c'(n) > and C" = C"(u) < oo such 
that for all R > C'{u), 

2 s > (lo gj R) 1+As and f s {u,L s ) > c'{logR) 1+As . (6.3) 

Note that we also have \G S nB(0, 2R)\ < (4R + l) 01 - Therefore, for any u G (a, 6), there exist c = c(n) > 
and C = C(u) < oo such that for all R > C(u), 

F u [H]>1- Ce- c{logR)1+As . (6.4) 

We will now show that the occurrence of % implies the event on the left-hand side of Then 
(jl.lip will immediately follow from (|6.4|) . 

Assume that T~L occurs. Take x,y G <Sr n B(0,R). We will show that p s (x,y) < CR for some 
C = C{u) < oo. 

If there exists z € G s n B(0, 2R) such that x, y G (z + [0, 2L s ) d ), then the result follows from part (b) 
of the definition of % and (|6.ip . 

Therefore, we assume that there is no such z. There exist unique vertices x', y' G G s (~1 B(0, 2R) such 
that 

xeS R n(x' + [0, L s ) d ), y € Sr n (y ; + [0, L s ) d ). 

Moreover, \x' — y'\oo > 2L S . By part (a) of the definition of H, there exists a nearest neighbor path of 
s-good vertices in G s n B(0, 2R) connecting x' and y' of length 

N' <d\(4R + l)/L s ]. 

Applying Lemma 15.31 repeatedly for k = s, s — 1, . . . , 1, we deduce that there exists 0-good vertices 
x" G Go H (x' + [0, L s ) d ) and y" G Go n (y' + [0, L s ) d ) which are connected by a nearest neighbor path of 
0-good vertices in Go of length 



N » < TT ( 1 + 8 . .h.. N ', 

k=i ^ fe " 1 / L ° 



(6.5) 



By Lemma 15.21 there exist 

x* G 5 n (x" + [0, L ) d ), y* G <S n (y" + [0, L ) d ) 
such that x* is connected to y* by a path in S of length 

< (2L ) d ■ N". 

Note that 

x* G 5 n (x' + [0, L s ) d ), y* G S n (y' + [0, L s ) d ). 
Since |x' — y'loo > 2L S , we have |x* — y*|oo > L s . In particular, 

x*,y*€S Ls . 

Since x,y G 5 fi nB(0,R) C S Ls nB(0,E), x,x* G (x' + [0, L s ) d ), and G (y' + [0, L s ) d ), we obtain by 
part (b) of the definition of % that p s (x,x*) < (4L s ) d and ps(y,y*) < (4L s ) rf . As a result, by the triangle 
inequality, we have 

p s (x,y)<N* + 2(AL s ) d . 

It remains to observe that there exists C = C(u) < oo such that A^* < \CR and 2(4L s ) d < \CR. Indeed, 
N* < \CR follows from ([33]) and the definitions of A', A" and A*, and 2(4L s ) d < \CR follows from 



We have thus shown that if the event 7i occurs, then any x, y G Ss fl B(0, R) are connected in S and 
p s (x,y) < CR. Theorem 11.31 now follows from (|6.4|) . Q 
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7 Proof of Theorem 13.1 



Assume that the family of probability measures P", u G (a,b), satisfies P2 and P3. The proof of 
Theorem 13.11 goes by induction on k. The key idea is that for a certain sequence (ujfc)2? =1 of parameters 
the expression sup xg Q fc+i P Ufe +i [G^fc+i] can be upper bounded by something which is not much bigger 

than sup xgGfe F Uk \G x> k] 2 see (j7.8|) . Throughout this section we fix the parameters Xp an d £p appearing 
in (jl.ip and (|1.4p . respectively. 

We only give the proof in the case of increasing events G x . The case when G x are decreasing can be 
treated similarly, and we omit it. 

Fix u G (a, b). Let 5 G (0, 1) be such that v! = (1 + 8)u G (a,b). Let the sequences l k , r&, and L k be 
defined as in (|3.4p and ()3.ip . Take ro > R P (the constant from the assumption P3) large enough so that 

oo 

n(i+^ xp ) <i+s. (7.i) 

k=0 

Let G x , x G be increasing events such that G x G cr(^I f j / , y G x + [— Lo, 3Lo) a! ). By (|3.3|) . for all > 

and x G Gfc, 

G x>fc is increasing, and G Xjfc G <r(% y , y £ x + [-L , L k + 2L ) d ). (7.2) 

Let 

uo = u' and u fe = ^1 + r^ XP ^ • u fc+ i, fc > 0. (7.3) 

By (|7.ip . we have 

a < u < Uk < b, for all > 0. (7.4) 

For fc > 0, let 

oo 

Kk = l + l - l ' 2 (= K k+1 + l ■ (k + l)- 2 ) . (7.5) 
i=k+l 

By monotonicity of the events G x , (|7.4|) . condition P2, and the fact that Kfe > 1, for all fc, in order to 
prove (|3.6p . it suffices to show that 

supP Ufc [S Xifc ] <2~ K * 2 \ (7.6) 

We will prove (|7.6|) by induction on k. 

Induction start: By (|3.5|) and (|7.5|) . for each Zq, there exist Lo such that 

su P P M0 \G xfi ] <2~ K °, (7.7) 

hence ()7.6p holds for = and such Lq = Lq(Iq,uo,G). (Later Iq will be chosen large enough, indepen- 
dently of Lo-) 

Induction step: We assume that (|7.6|) holds for k > 0, and now prove that it also holds for k + 1. For 
each x G we have 

<E3 „ _ _ 

X!,x 2 eA X}k+1 : \x 1 -x 2 \ 00 >r k -L k 

< |A^ +1 | 2 sup P Ufe p S)fc 2 + e~^) (7.8) 

\x£G k J 

f If(r^ +1 + e-fr^>). (7.9) 
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Here, in (|7.8p we applied (|1.3|) from the condition P3 with R = r k , L = L k , u = u k , and u = Ufc+i (the 
requirements of condition P3 are satisfied by the choice of vq > R P , (|7.2p . (|7.3p . and (|7.4p ). and (|7.9p 
follows from the induction assumption. 

By the definitions of l k in (|3.4p and n k in (|7.5p . there exists C < oo such that for all k > and Zq > C, 

log(/| d ) - K k 2 k+1 < - Kk+1 2 k+1 - 1, (7.10) 

and by the definitions of 9 SC , l k in (|3.4|) . L k in (|3.1|) . in (|7.5|) . e P in (|1.4p . and the fact that se -£ P > 1, 
there exists C = C'(Iq) < oo such that for all k > 0, and Lq > C, 

\og(lf) - f P (L k ) < -K k+1 2 k+1 - 1. (7.11) 

Plugging ()7.10p and (|7.1ip into (|7.9p . we obtain that (|7.6p holds for fe+1. We finish the proof by specifying 
the order in which we choose large constants ro, Iq and Lo- We first choose ro > i? P (the constant from the 
condition P3) so that (|7.ip holds. We then choose lo so that (|7,10p holds. In other words, there exists a 
finite constant C = C(S) > R P such that for all Zo> r o ^ Cj (|7.1|) and (|7.1Up hold. Finally, we choose Lq to 
satisfy fj7.7f) and (|7.1ip . In particular, if the limit in (|3.5p exists, then there exists C = C'(5,G,lo) < oo 
such that for all Lq > C, (|7.7|) and (|7.11|) hold. We have thus finished the proof of Theorem 13.11 in the 
case of increasing events G x . □ 



8 Proof of Theorem 11.5 

We begin by briefly outlining our proof of Theorem II. 5[ which adapts the standard recipe for shape 
theorems (see, e.g. [TJ) to our setting. 

In Section [HTT1 we define the pseudometric p Soo (•, •) on 7L d satisfying p Soo (x, y) = p s {x, y) for x, y G 5^. 
This trick will allow us to work with P" rather than the more cumbersome P"[- | G Soo]. After stating 
some properties of /> Soo (-, •), we rephrase Theorem 11.51 in terms of Ps^i', •) as Proposition 18.21 

In Section [8.21 we prove Proposition 18.21 We first use Kingman's subadditive ergodic theorem [J3] to 
deduce in Lemma l8?3l that the large-scale behaviour of /^(O, •) along half-lines can be P"-a.s. approx- 
imated by some norm £>«(•) on M. d . The convex set D u will turn out to be the unit ball with respect to 
this norm. The proof of Proposition 18.21 combines the result of Lemma 18.31 with a covering argument in 
which Theorem 11.31 serves as a preliminary bound. 

8.1 A suitable pseudometric on Z d 

In this section we define the pseudometric 'ps 00 {'^ ') on Z d satisfying Psxix^y) 
For that we assume that 

We first choose a bijection t : 7L d — >■ N which satisfies 

Vx,y€Z d : |x|oo < |y|oo =► £{x) < £{y). 

Thus I gives us a labelling of Z d such that vertices with smaller norm have smaller labels. Given x G Z d 
and 7^ V C Z rf we define $(x, V) G V to be one of the /°°-closest vertices of V to x by 

$(x, V)=x*, where £(x* — x) = min{ £(y — x) : y£V}. 

Note that 

$(x,V)=x for all x G V, (8.2) 



= p s {x,y) for x, y G 5^. 

(8.1) 
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and 

$(x + y,V + y) = $(x,V) + y for all x,y£Z d . 
We define p Soo : Z d x Z d — s- Z + U {00} by the formula 

Psoo(x,y) =p s ($(x,5 00 ), *(y,5oo)), a?,i/ G 
By (|8.ip . the function is well-defined. In fact, /5 5oo (-, •) is a pseudometric on By (|8.2p . 

Vx,yG5oo : /o Soo (x, y) = p s (x, y) > |a; - y|i. 

Also note that PsaofeiV) < 00 f° r au x,y GZ d if and only if <Soo is connected. 

The following lemma provides a preliminary bound on the shape of balls in Z d with respect to p Soo . 
For x G Z d and r > 0, let B Soo (x, r) be the ball in Z d with center at x and radius [rj with respect to Ps^, 
i.e., 



(8.3) 
(8.4) 

(8.5) 



B, 



[X, r) 



{yGZ d - P Soo {x,y) <r} 



.6) 



Lemma 8.1. Assume that the family of probability measures P", u G (a,b), satisfies PI - P3 and SI 
S2. For any u € (a, b), there exists C p = C p (u) < 00 such that for all x € Z d and R>1, 



> i-C„e-( lo ^ 1+As / c <> 



(8.7) 



F u [B(x,R) CB Soo (x,C p R) 
where A s = A s (u) > is defined in (|1.6p . 

Proof of Lemma [8A[ By PI, (|8.3p . and (|8.4p . it suffices to prove the lemma for x = G Z d . Fix -u € (a, 6). 
By (jl.8p . there exist c = c(-u) > and C = C(u) < 00 such that for all y G Z d and i? > 1, 

P u [|$(y,«S 0O )-y| oo > J R]<Ce- c ^ u ^. (8.8) 

Together with Theorem 11.31 and fjl .6[) . (|8.8p implies that there exists C p = C p (u) < 00 such that for all 
R> 1, 

P u [3 2 G B(0,i2) : p Soo (0,z) > C p i?] < C p e-( lo s^ 1+As / c " . 
This implies (|8.7p for x = 0, hence the proof of Lemma 18. II is complete. 



□ 



Now we state a variant of Theorem 11.51 in which p s and P"[- | G 5oo] are replaced by p Soo and P", 
respectively. 

Proposition 8.2. Assume that the family of probability measures P", u G (a,b), satisfies PI - P3 and 
SI - S2. For any u G (a, b), there exists a convex compact subset D u C M. d such that for all < e < 1 
there exists a ¥ u -a.s. finite random variable R eu satisfying 



VR>R £ ,u ■ Z d n{l-e)R-D u CB s JO,R), 
VR>R e , u : Z d n(l + e)R-D u ^B Soo (0,R). 
Before we prove Proposition 18.21 in Section [8.21 we deduce Theorem 11.51 from it. 
Proof of Theorem \1.5[ Let u G (a, b). We first observe that 



(8.9) 
8.10) 



IU [0 G S 



18301 
1831 



OGSoo, VR>R e ,u : 
OGSoo, VR>R £ ,u ■ 



Soo 


n(i- 


e)R 


D u 


c^n B Soo 


(0,12) 


Soo 


n(i + 


e)R 


D u 


5 Soo n B Soo 


(0,12) 


Soo 


n(i- 


e)R 


D u 


CB S (0,22) " 




<Sqo 


n(i + 


e)R 


D u 


DB 5 (0,i?) _ 





Now the statement of Theorem 11.51 follows (with the same D u and R £ , u as in Proposition ^. 2p if we divide 
the above equality by F u [0 G Soo] (which is positive by S2). □ 
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8.2 Proof of Proposition O 

Lemma 8.3. Assume that the family of probability measures F u , u G (a,b), satisfies PI - P3 and SI - 
S2. For any u G (a, b), there exists a unique norm p u {-) on M. d such that for any x G Z d , 

Pu {x) = lim -p Soo (0,nx) ¥ u -a.s. (8.11) 

n— s-oo n 

Proof. The proof is similar to the analogous result about the chemical distance on the unique infinite 
cluster of supercritical Bernoulli percolation in [131 Section 5, Remark (g)]. We use [HI Theorem 1] to 
deduce (|8.11|) . In accordance with the notation of [14] . we fix u G (a, b) and x G Z rf and define 

x m ,n ■= Pscv (mx, nx), m < n G N. 

Now we check that the family (x m ^ n : m < n G N) of random variables is a subadditive process for P", 
i.e., it satisfies [HI Conditions Si, 82,83]. In our setting, these conditions correspond to (j8. 12[) . ([8.13]) . 
and ([8"7T4|) below. 

For I < m < n G N the subadditivity condition 

2-i,n — *^i,m ~t~ ■Ern,n (8.12) 

follows from the triangle inequality for Ps^i', •)• 

By PI and (|8,3p . the joint law of p 5oo -distances of the vertices of Z rf under P u is translation invariant, 
in particular, 

the joint distribution of (x m+ i jn+ i : m < n E N) is the Scime OS that of {Xrn,n '• 

m<n£N), (8.13) 

moreover, the above shift is ergodic by PI. 

It follows from (|8.7p that for all n G N we have 

< E u [x ,n] < 00. (8.14) 

Having checked that (x m>n : m < n G N) is a subadditive process for P", we can use [HI Theorem 1] to 
obtain (^TT]) with 

= inf - E u [p Soo (0,nx)} = lim - E u [p Soo (0, nx)]. (8.15) 

nGN n n-5-oo n 

Now we extend p u (-) from Z rf to so that p u (-) becomes a norm on M d . We first observe that the 
identity p u (nx) = np u (x) follows from (|8.1ip for all x G Z d and n G N. This allows us to consistently 
extend p u (-) to Q d by letting p u (x) = ^p u (nx) for any x G Q d , where n G N is chosen so that nx G Z d . 

By PI, the triangle inequality for /0 5oo (-, •), and (j8. 15[) . we obtain 

Pu(-x) = p u (x), Pu{x + y) <Pu(x)+p u (y), x,y&Q d . (8.16) 
By <^E>, ([83]), (I8TT4D . (JBHSD, and dglEjl . we have 

|^|i <P«(x) < max E[p Soo (0, ei )] • |x|i, s G Q d . (8.17) 

l<i<(i 

Thus Pu(-) is a norm on Q d , which admits a unique continuous extension to M. d . □ 

In the sequel we denote by Q(x, r) the closed Loo-ball in M rf with radius r G M+ and center x G 
Note that with the above definitions we have B(x, r) = Z, d n Q(cc, r) for any x G Z d and r G M+. 
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Proof of Proposition \ 8. S\ Let u G (a, b). We define the compact convex set 

D u := {x G R d : Pu (x) < 1} (8.18) 

using the norm p u {~) from Lemma 18.31 We will show that (|8.9p and (|8.10p hold with this choice of D u . 
We first show the inclusion (|8.9p . Recall the constant C p appearing in ()8.7p . For every < e < 1 we 



choose k = k(e) G N and xi, . . . ,Xj. G Q D (1 — e)D u such that 

k 

I O ( 

3C 



(l-e)D u C \JQ( Xj ,JL\ (8.19) 



We fix n G N such that nxj G Z rf for all 1 < j < k and define 

^ n _ 

Note that we have ^x^ — >• xj as i? — >■ oo for every 1 < j < k, thus there is a constant C(e) such that 



xf 



• nxj G Z d , 1 < j < k, ReN. (8.20) 



Vi? > C(e), 1 < j < k : Z d nQ (rxj, JLr \ C B (x* . (8.21) 



From Lemma I8JJI we obtain 



1 rn P" a s 1 ^33 

V 1 < j < fc : lim — p Soo (0, x ,■ ) =' ' -p u (nxj) = p u {xj) < 1-e. 

Thus, there exists a P u -almost surely finite random variable R\ u such that (recall (|8.6|) ) 

Vi? > 1 < j < k : xf G B Soo (o, (1 - . (8.22) 

By f)8.7[) and the Borel-Cantelli lemma, there exists a P^-almost surely finite random variable u such 
that 

Vi? > 2% ttJ 1 < j < k : B (xf , ^i?) C B Soo (xf , . (8.23) 

Now we are ready to conclude the proof of (|8.9p . We have that P"-almost surely, 

k 



(]8. 19[) f \ 

Vi?>max{^ )U , J R^,(7(e)} : % d C\{l-e)R ■ D u C Z d n I) Q ( J 

^ U B K> aT*) ^ U B ^ (*?> f«) ^ B ^(0,ii). (8.24) 
i=i V p y i=i 

It remains to show the inclusion f|8.10[) . We first note that by (|8.17p and (|8.18p . 

D u C Q(0,1). 

For every < e < 1, there exists G N and xi, . . . , x^ G Q d D Q(0, 2) \ (1 + e)D u such that 

Q(0,2)\(1 + e)D u C [Jq^,^ . (8.25) 
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Let us fix n G N such that nxj G Z d for all 1 < j < k. Define xf by the formula (|8.20p . Similarly to 
(|8.2ip . (|8.22p and (|8.23p there exists a constant C"(e) < oo and P-almost surely finite random variables 
R.£ U , R^ u such that 



Vi? > C'(e), 1 < j < k : Z d nQ \R Xj , ^R^j C B (xf, 



VR>R :i £ , u ,l<j<k : xf G Z d \B Soo (0,(1 + ^1, (8.27) 



Vi? > 1 < i < k : B ( xf , ^R) C B 5oo (xf , . (8.28) 



Similarly to ()8.24p . we obtain that P"-almost surely, 



.26) 



(187251) , , , / e \ J87261 

VR>max{Rl u ,Rl u ,C'(e)} : B(0,2R)\(l + e)R- D u C Z d n J Q ^xj, — i?J C 

UB xf, — fl) C U^^f'o^) C Z d \B Soo (0,R). (8.29) 

By (|8.8p . f)8.5|) . and the Borel-Cantelli lemma, we obtain that there exists a P M -a.s. finite random 
variable R^ u such that 

VR>Rl u : B Soc (0,R)QB(0,2R). 

If we combine this observation with (|8.29p . we obtain (|8.10p . which concludes the proof of Proposition 
E2 and Theorem O □ 
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